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Abstract
We give a new, somewhat elementary method for proving parity results about Iwasawa-theoretic Selmer
groups and apply our method to certain Galois representations which are not self-dual. The main result is
essentially that Iwasawa’s λ-invariants for these representations over dihedral Zdp-extensions are even. Our
approach is a specialization argument and does not make use of Nekovárˇ’s deformation-theoretic Cassels
pairing, though Nekovárˇ’s theory implies our results. Examples of the representations we consider arise
naturally in the study of CM abelian varieties defined over the totally real subfield of the reflex field of
the CM type. We also discuss connections with “large Selmer rank” in the sense of Mazur–Rubin and give
several examples in the context of abelian varieties and modular forms.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
1.1. The goal of this paper is to prove a parity result about Iwasawa-theoretic Selmer groups
attached to a certain special class of p-adic Galois representations ρ : Gal(K/K) → GLn(Zp).
Our main assumptions are roughly that ρ is ordinary and, for some quadratic extension K/k,
either IndkK(ρ⊗ ξ) is self-dual (in the sense of Tate duality) for all characters ξ factoring through
an extension of K dihedral over k (2.4.1) or ρ is the restriction to K of a self-dual representation
of Gal(k/k) (2.4.4); see 2.4 for the precise conditions we impose. A notable feature of the ρ
which satisfy (2.4.1) is that they are not self-dual. If W is the divisible representation space
associated to ρ, then one can define a Selmer group Sel(K∞,W) for K∞/K a Zdp-extension. The
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Iwasawa algebra Λ = Zp[[Gal(K∞/K)]] ∼= Zp[[T1, . . . , Td ]] and the structure theory of finitely-
generated Λ-modules (cf. [13, Lemme 5]) implies that there is a homomorphism with “small”
kernel and cokernel from X to a Λ-module of the form R ⊕ M ⊕ N , where R is a reflexive
Λ-module, M is a Zp-torsion-free Λ-torsion module, and N is a torsion Zp-module. We show
below λ(X) =∑p ht 1 lengthΛp Mp is even under the assumption that K∞/K is dihedral with
respect to K/k. In fact, our main theorem is more precise: namely, we show that M can be taken
to be a square Λ-module, i.e., M = M1 ⊕M2 for submodules Mi ⊆ M such that M1 ∼= M2.
Nekovárˇ (see §10.7 of [10], especially 10.7.6 and 10.7.12) has developed a powerful machin-
ery to study parity in Iwasawa theory, the main results of which imply the results presented here.
The purpose of this paper is to give a more elementary approach to the problem and apply it to
a class of representations which has not been explicitly mentioned in the literature. By showing
how our methods can be applied to the case of self-dual representations, we recover some of the
statements in [10, 10.7.11–10.7.15].
1.2. The motivating example of a representation of the type we consider arises from an ellip-
tic curve E defined over Q which has (potential) CM by an order O in a quadratic imaginary
field K . (Note that this implies that PicO is trivial and EndK(E) = EndQ(E).) Let p > 2 be
a good, ordinary prime for E; this implies that p splits in K , say pOK = pp, where p = (π).
Let K∞ be the anticyclotomic Zp-extension of K , i.e., the unique Galois extension of K which
has Gal(K∞/K) ∼= Zp and which is Galois over Q with dihedral Galois group. The Iwasawa the-
ory in this situation was investigated by Greenberg [4], who showed that if theOK -rank of E(K)
is odd, then the OK -rank of E(L) is bounded below by [L : K] as L varies over subextensions
of K∞/K , at least under the assumption that the groupsш(E/L)[p∞] are finite.
1.3. There are two ways of decomposing Sel(K∞,E[p∞]), which we now describe. BecauseOK
acts on E[p∞], we get a decomposition E[p∞] = E[π∞] ⊕ E[π∞] of GK -modules. (Each of
E[π∞] and E[π∞] is isomorphic to Qp/Zp as a Zp-module.) From this, we get a decomposition
Sel
(
K∞,E
[
p∞
])= Sel(K∞,E[π∞])⊕ Sel(K∞,E[π∞])
of Selmer groups. Set X = Sel(K∞,E[π∞])∨ and X = Sel(K∞,E[π∞])∨. Because E is de-
fined over Q, complex conjugation acts on E[p∞] by interchanging the summands E[π∞] and
E[π∞]. This, coupled with the fact that K∞ is dihedral over Q, gives an isomorphism φ :X → X
of Zp-modules such that if γ ∈ Gal(K∞/Q), then φ(γ x) = γ−1φ(x).
Because the Weil pairing gives the GQ-representation E[p∞] a symplectic structure, work
of Nekovárˇ (see [10, 10.7.14]) implies that the Λ-torsion submodule of Sel(K∞,E[p∞])∨ is
pseudo-square, i.e., there is a pseudo-isomorphism(
Sel
(
K∞,E
[
p∞
])∨)
tors ∼ Y1 ⊕ Y2
for finitely generated torsion Λ-modules Y1 and Y2 such that Y1 ∼= Y2. (Recall that two Zp[[T ]]-
modules M and N are pseudo-isomorphic, denoted M ∼ N , if there is a homomorphism M → N
with finite kernel and cokernel. Pseudo-isomorphism is an equivalence relation on the category
of finitely generated Λ-modules.)
One might ask how the above two decompositions(
Sel
(
K∞,E
[
p∞
])∨) = Xtors ⊕Xtors ∼ Y1 ⊕ Y2tors
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square (so Y1 and Y2 can be chosen to make the two decompositions compatible in a suitable
sense). Note that the GK -representation E[π∞] is not self-dual, so there is no a priori reason to
rule out the possibility that Xtors has, for example, the form Λ/(f )⊕Λ/(f ι) for some irreducible
element f ∈ Λ such that (f ) 
= (f ι), so that Xtors is not pseudo-square, but Xtors ⊕Xtors is. Our
main result in this context is essentially the statement that phenomena of this sort do not occur.
1.4. In the above situation, E[π∞] is not self-dual, but it does satisfy a “dual-to-conjugate”
property which we now describe. By the theory of complex multiplication, the action of GK on
E[π∞] is given by the p-adic character associated to an algebraic Hecke character ψ of infinity
type (1,0) (with respect to the embedding K ↪→ C induced by the action of O on the tangent
space at the identity of EC). The character ψ satisfies the property ψ = ψ ◦ τ . This is essentially
equivalent to the statement that although E[π∞] is not self-dual, the induced representation
IndQK E[π∞] (which is naturally identified with E[p∞] as a GQ-representation) is self-dual via
a skew-symmetric pairing.
Somewhat more generally, suppose K/k is a quadratic extension of number fields and
ρ :GK → GLn(Zp) a p-adic representation. Let K∞ be any Galois extension of K such that
Gal(K∞/K) ∼= Zdp for some integer d and such that K∞ is Galois over k with dihedral Galois
group. Let W be the divisible module associated to ρ, i.e., W ∼= (Qp/Zp)n with GK -action given
via ρ. Under the assumption that ρ is ordinary, we define in 2.7 a Selmer group Sel(K∞,W) as-
sociated to ρ; it is a cofinitely generated module over the Iwasawa algebra Zp[[Gal(K∞/K)]].
Our main result is the following.
1.5. Theorem. If ρ satisfies (2.4.1)–(2.4.3), then the Zp[[Gal(K∞/K)]]-torsion submodule of
Sel(K∞,W)∨ is pseudo-square modulo Zp-torsion. The same conclusion holds if (2.4.1) is re-
placed by (2.4.4).
We give in Section 4 several examples of situations in which ρ satisfying (2.4.1)–(2.4.3)
arise, all related to abelian varieties or modular forms with complex multiplication. It may be
interesting to consider such ρ which arise in other contexts. We also note that although we only
work in the context of Galois deformations, it seems plausible that our method could be extended
to the case of more general deformations not necessarily arising from Galois theory.
An obvious shortcoming of our method is that we cannot say anything about the structure
of the Zp-torsion in Sel(K∞,W)∨; we lose any information about the “μ-invariant” in the spe-
cialization process. An alternate approach to the proof is to use Nekovárˇ’s deformation-theoretic
Cassels pairings [10, Ch. 10]. Specifically, the assumption (2.4.1) implies that the p-adic family
of representations {IndkK Tξ } (parametrized by characters ξ of Γ ) is self-dual, allowing the ap-
plication of [10, 10.7.6]. One would not encounter our difficulty with μ-invariants if one were to
use this approach.
1.6. This article proceeds as follows. Most of Section 2 is devoted to defining the relevant nota-
tions so we can give the precise statement of our main theorem, Theorem 2.9, in a form amenable
to our methods. The proof Theorem 2.9, which comprises Section 3, is an asymptotic specializa-
tion argument.
Finally, Section 4 gives several examples of representations ρ for which Theorem 1.5 applies,
all related to modular forms or abelian varieties with complex multiplication. We show how our
results relate to “large Selmer rank” for these objects in the sense of Mazur–Rubin [7,8].
T. Arnold / Journal of Number Theory 128 (2008) 2634–2654 26372. Definitions and statements
2.1. We denote by Q a fixed algebraic closure of the rational field Q and view all number fields
as subfields of Q. If F is a number field, we denote by GF the absolute Galois group Gal(Q/F ).
If v is a prime in the number field F , then we denote by Frobv ∈ GF an arithmetic Frobenius
element at v. For a rational prime p, Qp denotes the completion of Q with respect to the p-adic
topology, Qp denotes a fixed algebraic closure of Qp , and Cp denotes the completion of Qp .
If F is a local or global field, we denote by ε :GF → Z×p the p-adic cyclotomic character giving
the action of GF on the p-power roots of unity.
We say that O is a p-adic ring if it is (isomorphic to) the ring of integers in a finite extension
of Qp . An extension of a p-adic ring O is the ring of integers in some finite extension of FracO.
Once we have chosen O, we denote by m its maximal ideal, π ∈ m a choice of uniformizer,
Ω = FracO its field of fractions, and q = |O/m| the size of the residue field. We let v :O→ Z
denote the (logarithmic) valuation of O, normalized so that v(πk) = k.
2.2. Let K/k be a quadratic extension of number fields and let τ ∈ Gal(K/k) be the non-
trivial element. A dihedral Zdp-extension of K is a field K∞ ⊆ Q Galois over k such that
Γ = Gal(K∞/K) is isomorphic to Zdp and on which τ acts as inversion, i.e., if γ ∈ Γ , then
τ˜ γ τ˜−1 = γ−1 for a lift τ˜ of τ to Gal(K∞/k). In what follows, we fix the fields K∞, K , and k.
Fix a set topological generators {γ1, . . . , γd} of Γ . We work with modules over the Iwasawa
algebras ΛO =O[[Γ ]] for p-adic rings O. Note that our choice of {γi} induces an isomorphism
ΛO ∼=O[[T1, . . . , Td ]] sending (γi − 1) to Ti . In particular, ΛO is a UFD.
If A is a ring, then we say that a finitely generated torsion A-module M is square if there exist
submodules M1,M2 ⊆ M such that M1 ∼= M2 and M ∼= M1 ⊕ M2. Thus, for example, if A is a
PID, then the cyclic modules in a cyclic decomposition of a square A-module occur in pairs.
2.3. If O′ ⊇ O is an extension of p-adic rings and ξ :Γ → (O′)× is any continuous character,
then we denote by O′ξ a free rank 1 O′-module on which GK acts via ξ . If M is any O[GK ]-
module, then we denote by Mξ or M(ξ) theO′[GK ]-module M⊗OO′ξ . This applies in particular
to ΛO-modules, which we view as O[GK ]-modules via the map O[GK ] → ΛO induced by the
natural surjection GK  Γ .
A character ξ as above uniquely extends to a (continuous) ring homomorphism ξ :ΛO′ →O′.
Note that ξ is determined by the values ξ(γi), where {γi} is our chosen set of topological gen-
erators of Γ . Given any x = (x1, . . . , xd) ∈ md , we define a character ξx :ΛO → O× by the
rule ξx(γi) = (1 + xi)−1. We define Ix ⊆ ΛO to be the kernel of ξ−1x , so Ix is generated by
{Ti − xi}di=1 = {(γi − 1) − xi}di=1. For any ΛO-module M , we have a natural identification ofO-modules
M/IxM = M(ξx)Γ .
For an O[GK ]-module M , we denote by M∗ the Tate dual of M , i.e.,
M∗ = HomO
(
M,O(1)).
Fix a lift τ˜ of τ to Gk . If ρM :GK → Aut(M) gives the action of GK on M , we denote by
Mτ the conjugate module to M , i.e., Mτ = M as O-modules, but the action of GK on Mτ is
given by ρMτ (γ ) = ρM(τ˜γ τ˜−1) for γ ∈ GK . The isomorphism class of Mτ (as GK -module)
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representation ρM,k , then M ∼= Mτ as GK -modules.
2.4. Assumptions. Suppose ρ :GK → GL(T ), T a free O-module of finite rank n, is a contin-
uous pseudo-geometric representation, by which we mean that ρ is unramified outside a finite
set Σ of primes of K and ρ|GKv is de Rham for every prime v of K lying above p. Abusing
notation, we often view ρ as a representation of GK on V = T ⊗O Ω . We make the following
three assumptions on ρ:
(2.4.1) For every p-adic ring O′ ⊇ O and every character ξ :Γ → (O′)×, IndkK Tξ admits a
perfect pairing
〈,〉ξ : IndkK Tξ × IndkK Tξ −→O′(1)
which is Gk-equivariant and skew-symmetric.
(2.4.2) For every prime v of K lying over p, the local representation ρ|GKv is ordinary, i.e.,
T admits a (decreasing) filtration by GKv -submodules such that the inertia group Iv at v
acts on Filiv T /Fili+1v T by εi .
(2.4.3) V (K∞) = 0.
The assumption (2.4.1) may seem very strong. However, as we explain in 2.5–2.6, there are two
(large) classes of representations for which (2.4.1) holds. It may also be interesting to note that
we make no requirement that the pairings 〈,〉ξ vary continuously in ξ , though this will be the
case in any naturally arising example.
In order to treat the self-dual case, we give the following alternative to (2.4.1):
(2.4.4) There exists a representation ρk : Gk → Aut(Tk) such that ρ ∼= ρk|GK and for which
there exists a perfect pairing
〈,〉k :Tk × Tk −→O(1)
which is Gk-equivariant and skew-symmetric.
We use the notation Fil+v to denote Fil1v , the positive part of the filtration, and Fil−v T to
denote the quotient T/Fil+v T . The ordinarity condition will be crucial in what follows, as
it will allow us to gather information about the Selmer groups of ρ via specialization. Set
W = V/T = T ⊗O Ω/O. Each filtration Fil∗v T on T induces filtrations on V and W in the
obvious way. More generally, if ξ :Γ → (O′)× is any continuous character, then we get filtra-
tions on Tξ (and therefore on Vξ and Wξ ) such that Filiv(Tξ ) = (Filiv T )ξ .
It is important to note that Tξ is in general not ordinary (or even Hodge–Tate) at v and, even if
it is ordinary, the associated filtration may be different from the filtration Fil∗v Tξ we have defined.
One may consider {Tξ }ξ as a p-adic family of Galois representations parametrized by characters
of Γ , and the filtrations Fil∗v Tξ we have defined give filtrations, one for each v, Fil∗v{Tξ } on this
family.
Proposition 4.2 below shows that assumption (2.4.3) is automatic for all of the examples in
which we are interested. We assume throughout the sequel that ρ has been chosen satisfying
(2.4.1)–(2.4.3) or (2.4.2)–(2.4.4).
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(2.5.1) ρ(τ˜ 2) = 1, ε(τ˜ ) = −1, and there is a perfect pairing
T × T τ −→O(1)
which is GK -equivariant and symmetric. (Here we are identifying theO-modules under-
lying T and T τ .)
(2.5.2) ρ(τ˜ 2) = 1, ε(τ˜ ) = 1, and there is a perfect pairing
T × T τ −→O(1)
which is GK -equivariant and skew-symmetric.
In these definitions, τ˜ denotes the lift of τ ∈ Gal(K/k) to Gk fixed in 2.3. For the examples we
consider, the field K can be taken to be a CM field with totally real subfield k. Thus, in this case,
τ can be lifted to an involution τ˜ ∈ Gk corresponding to complex conjugation with respect to
some embedding K ↪→ C, so the requirement that ρ(τ˜ 2) = 1 is vacuous. If the image of ρ is
abelian and has trivial 2-part, then one can show that there is always a lift τ˜ satisfying ρ(τ˜ 2) = 1.
Suppose ρ satisfies (2.4.1) and (2.4.2). If every summand of ρss satisfies (2.5.1) or (2.5.2),
then ρ automatically satisfies (2.4.3). If ρss is a sum of characters and ε(τ˜ ) = −1, then ρss is of
class (2.5.1) and ρ automatically satisfies (2.4.3).
2.6. Proposition. If ρ is of class (2.5.1) or (2.5.2), then ρ satisfies (2.4.1).
Proof. In the case where ρ is of class (2.5.1), let ( , ) be the pairing T × T τ →O(1). Any char-
acter ξ :Γ → (O′)× satisfies ξτ = ξ−1, so we have an isomorphism of Gk-modules IndkK Tξ ∼=
Tξ ⊕ (T τ )ξ−1 (because ρ(τ˜ 2) = 1, τ˜ acts by interchanging the summands) and we can define
〈,〉ξ :Tξ ⊕
(
T τ
)
ξ−1 × Tξ ⊕
(
T τ
)
ξ−1 −→O(1)
by 〈a+b, c+d〉ξ = (a, d)− (c, b). The same formula also works in the case of class (2.5.2). 
2.7. We now define Selmer groups for the representations Wξ . Let F be a finite extension of K
contained in K∞ and let v be a prime of F . We define local conditions for Vξ as follows:
H1f (Fv,Vξ ) =
{
ker(H1(Fv,Vξ ) → H1(Fv,Vξ /Fil+v Vξ )) if v lies over p,
H1ur(Fv,Vξ ) otherwise,
where H1ur(Fv,Vξ ) denotes the submodule of unramified classes, i.e., the kernel of the map
H1(Fv,Vξ ) → H1(Iv,Vξ ) for the inertia group Iv at v. We then define the local conditions
H1f (Fv,Wξ ) for Wξ to be the image of H
1
f (Fv,Vξ ) under the natural map
H1(Fv,Vξ ) −→ H1(Fv,Wξ )
induced by the quotient Vξ → Vξ/Tξ = Wξ .
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Sel(F,Wξ ) = ker
(
H1(F,Wξ ) −→
⊕
v
H1(Fv,Wξ )/H 1f (Fv,Wξ )
)
.
Define Sel(K∞,Wξ ) = lim−→F Sel(F,Wξ ), which is naturally a discrete Λ-module. Additionally,
we define compact O-modules
Xξ(F ) = HomO
(
Sel(F,Wξ−1),Ω/O
)
and compact Λ-modules
Xξ(K∞) = HomO
(
Sel(K∞,Wξ−1),Ω/O
)
.
Because ξ is a character of Γ , we have Sel(K∞,Wξ−1) = Sel(K∞,W)(ξ−1), whence Xξ(K∞) =
X(K∞)(ξ).
2.8. The structure theory of finitely-generated ΛO-modules, [13, Lemme 5], implies that there is
an exact sequence
0 −→ K −→ X(K∞) −→ R ⊕M ⊕N −→ C −→ 0,
of ΛO-modules such that K⊕C is annihilated by an ideal IKC ⊆ ΛO of height 2, R is a reflexive
ΛO-module (i.e., R → HomΛO (HomΛO (R,ΛO),ΛO) is an isomorphism), M is a torsion ΛO-
module which is O-torsion-free, and N is a torsion O-module. Moreover, M can be taken to be
a sum of cyclic ΛO-modules
M =
m⊕
i=1
n(i)⊕
j=1
ΛO/
(
f
e(i,j)
i
)
such that the ideals (fi) are prime and pairwise distinct. For convenience, we also set e(i, j) = 0
whenever it is not defined by this formula. We assume that O is large enough so that
(fi)ΛO′ remains prime for every extension O′ of O. (2.8.1)
Note that π  fi for all i. With this notation, we can give the following numerical formulation
of our main theorem.
2.9. Theorem. With notation as in 2.8 and ρ satisfying (2.4.1)–(2.4.3) or (2.4.2)–(2.4.4), for fixed
positive integers i0 and k, the set {
j
∣∣ e(i0, j) = k} (2.9.1)
has even cardinality. In particular, the integers
n(i0) and
n(i0)∑
j=1
e(i0, j)
are even.
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set (2.9.1) is in bijection with the set of summands of M equal to the fixed summand ΛO/(f ki ).
Note that the notation we have defined does not depend on the choice ofO satisfying (2.8.1). The
proof of the theorem, however, requires that O be fixed beforehand to satisfy certain properties
with respect to the fi . We choose O in 3.2.
The advantage that this formulation of the theorem has over 1.5 is that it rephrases the state-
ment that M be square in terms of the numbers e(i, j), which we will be able to compute by
choosing appropriate specializations of the ΛO-module X(K∞). See 3.3 for a more detailed
description of the proof.
3. Proofs
3.1. We need a few preliminary statements in p-adic analysis, all of which follow from the
Weierstrass Preparation Theorem ([6, Theorem XII.4.1], for example). Let f ∈ ΛO be such
that (f ) is a non-zero prime ideal different from (π). With our choice of topological generators
{γi} for Γ , we can view f as a power series in d variables T1, . . . , Td with coefficients in O. We
define the vanishing set of f to be
V (f ) = {x ∈md ∣∣ f (x) = 0}.
It is clear that V (f ) is a closed subset of md (in the p-adic topology). The complement of V (f )
is dense: if f vanishes on some open subset of md , then f must be identically zero.
Also, given elements f,h ∈ ΛO such that f is irreducible, f  h, and π  f h, there exists an
extensionO′ ofO with maximal ideal m′ and a point x ∈ (m′)d such that f (x) = 0 and h(x) 
= 0.
3.2. For the remainder of this section, we fix a choice of integer i0 ∈ {1, . . . ,m} and study the
integers e(i0, j) as j varies through the set {1, . . . , n(i0)}. We define an auxiliary element f0 ∈
IKC (depending on i0); f0 is given as a product f0 = f ′0f ′′0 , where f ′0 ∈ IKC and f ′′0 ∈ ΛO are
defined as follows. If K ⊕C is O-torsion, then take f ′0 = 1. Otherwise, since IKC has height 2,
there is some element f ′0 ∈ IKC such that π  f ′0 and fi0  f ′0.
The reflexive ΛO-module R defined in 2.8 can be identified with a submodule of a free ΛO-
module ΛrO of rank r = rkΛO R in such a way that Ass(ΛrO/R) consists of primes of height 1
[13, Lemme 6]. Define f ′′0 to be a generator of the ideal
∏
(Ass(ΛrO/R) − {(π)}). Note that
with this definition of f0 = f ′0f ′′0 , any specialization R/IxR of R at a point x ∈md − V (f0) is a
torsion-free O-module.
We choose the ring O to have the following property: there is a point x0 = (x01 , . . . , x0d) ∈md
such that fi0(x0) = 0 and fj (x0) 
= 0 for j 
= i0.
3.3. The idea behind the proof of Theorem 2.9 is as follows. We compute the integers e(i0, j)
by examining the asymptotic behavior of the torsion submodules of the specializations of X at
the ideals (T1 − x1, . . . , Td − xd) as x → x0, x = (x1, . . . , xd) ∈ md . Using a suitable control
theorem, we can relate these integers to Selmer groups over K of twists of ρ by characters
of Γ . By (2.4.1), inducing the twisted representations to k results in representations admitting
an integral symplectic structure, allowing us to exploit the Cassels pairing. If we replace (2.4.1)
by (2.4.4), we can use a more direct application of the Cassels pairing.
The argument therefore divides naturally into two parts: the control theorem and the appli-
cation of the Cassels pairing. The control theorem (Theorem 3.7, the proof of which comprises
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are enough “good” choices is guaranteed by an application of the Baire Category Theorem. By
contrast, the argument (comprising 3.8–3.11) by which we deduce Theorem 2.9 from the Cassels
pairing over k is mostly formal.
3.4. We now define a subset A ⊆ md , the elements of which correspond to specializations at
which we cannot prove a reasonable control theorem. Thus, we would like A to be “small,”
which we show in Lemma 3.5. For the applications to finding “large Selmer rank” we discuss
in Section 4, we need to examine conditions which guarantee that 0 /∈ A; this is done in Theo-
rem 4.7. The set A is defined as a union A =⋃v′ Av′ taken over all (finite) primes v′ of K∞ for
subsets Av′ ⊆md defined below.
Let v be a prime of K and let v′ be a prime of K∞ lying over v. If v  p, then set
Av′ =
{
x ∈md ∣∣H1(K∞,v′/Kv,Wξx (K∞,v′)) is infinite}.
For v | p, we define the sets Av′ similarly:
Av′ =
{
x ∈md ∣∣H1(K∞,v′/Kv, (Fil−v Wξx )(K∞,v′)) is infinite}.
3.5. Lemma. The complement of A in md is dense.
Proof. Our proof is similar in spirit to that of [12, Lemma 6.1.3] in that we essentially reduce
the statement to a local version of [12, Lemma 6.1.3(i)]. We claim that each Av′ for v′  p is
contained in a closed subset of md with dense complement. Assuming this, the Baire Category
Theorem then implies statement, as md is a complete metric space and there are only countably
many primes in K∞.
Consider first a prime v of K not lying over p. The extension K∞/K is unramified at v,
so the corresponding local extension K∞,v′/Kv is either trivial or is the unique unramified Zp-
extension of Kv . In the former case, Av′ = ∅; in the latter, the action of GKv on W(K∞,v′)div
is determined by ρ(γv′), where γv′ ∈ Γ is a topological generator of the decomposition group
Gal(K∞,v′/Kv) ⊆ Γ . For any ξ , we have that
H1
(
K∞,v′/Kv,Wξ (K∞,v′)
)= Wξ(K∞,v′)/(γv′ − 1)Wξ (K∞,v′).
Therefore, if we write γv′ = γ z11 · · ·γ zdd , then we have the following inclusion of subsets of md :
Av′ ⊆
{
x = (x1, . . . , xd)
∣∣ (1 + x1)z1 · · · (1 + xd)zd ∈ evρ(γv′)−1},
where evρ(γv′)−1 denotes the set of eigenvalues for the action of ρ(γv′)−1 on W(K∞,v′)div. (We
are using the convention that the element of Aut(0) has no eigenvalues.)
Now suppose that v | p. The local extension K∞,v′/Kv is a Zp-power extension, say
Gal(K∞,v′/Kv) ∼= Zcp with topological generators γ (1)v , . . . , γ (c)v . Let K(i)v be the subfield
of K∞,v′ such that Gal(K∞,v′/K(i)v ) is topologically generated by γ (1)v , . . . , γ (i)v . Thus K(c)v =
Kv and we set K(0)v = K∞,v′ . We prove by induction on i that the set
A
(i)
′ =
{
x ∈md ∣∣H1(K∞,v′/K(i)v , (Fil−v Wξx )(K∞,v′)) is infinite}v
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v′ = ∅. Let 0 < i  c and
for any ξ consider the inflation-restriction sequence
0 −→ H1(K(i−1)v /K(i)v , (Fil−v Wξ )(K(i−1)v ))
−→ H1(K∞,v′/K(i)v , (Fil−v Wξ )(K∞,v′))
−→ H1(K∞,v′/K(i−1)v , (Fil−v Wξ )(K∞,v′)).
The extension K(i−1)v /K(i)v is a Zp extension whose Galois group is generated by the image
of γ (i)v , so the first term in this sequence can be written as
H1
(
K(i−1)v /K(i)v ,
(
Fil−v Wξ
)(
K(i−1)v
))
= (Fil−v Wξ )(K(i−1)v )/(γ (i)v − 1)(Fil−v Wξ )(K(i−1)v ).
If ρ−v denotes the representation giving the action of GKv on Fil−v W , then we can write γ
(i)
v =
γ
z1(i)
1 · · ·γ zd(i)d and argue as in the prime-to-p case that
A
(i)
v′ ⊆
{
x = (x1, . . . , xd)
∣∣ (1 + x1)z1(i) · · · (1 + xd)zd (i) ∈ evρ−v (γ (i)v )−1}∪A(i−1)v′ ,
from which it follows that Av′ = A(c)v′ is contained in a closed subset of md with dense comple-
ment, as claimed. 
3.6. Lemma. Let v  p be a prime of K and v′ be a prime of K∞ lying over v. If W is unramified
at v, then H1(K∞,v′/Kv,Wξ (K∞,v′)) = 0 for all ξ = ξx , x /∈ Av′ .
Proof. We claim that Wξ(K∞,v′) is a divisible O-module. Granting the claim, our assumption
that ξ = ξx for x /∈ Av′ implies that
H1
(
K∞,v′/Kv,Wξ (K∞,v′)
)= Wξ(K∞,v′)/(γv − 1)Wξ (K∞,v′)
is trivial (here γv is a topological generator of Gal(K∞,v′/Kv) ∼= Zp). To show that W(K∞,v′)
(and hence Wξ(K∞,v′) for any ξ ) is divisible, note that the action of GK∞,v′ on W factors through
a finite abelian prime-to-p extension of K∞,v′ , as v is unramified for W . The module W(K∞,v′)
of invariants is therefore a summand of W , and so is divisible. 
3.7. Theorem. The natural restriction homomorphisms
Sel(K,Wξ ) −→ Sel(K∞,W)(ξ)Γ
have finite kernel and cokernel which are bounded independently of ξ as ξ varies over the set
{ξx | x ∈md −A}.
Proof. By assumption (2.4.3), we can write |Wξ(K∞)| = pn for any character ξ of Γ . Note
that Wξ(K∞) = W(K∞) as abelian groups for any character ξ of Γ = Gal(K∞/K), so n is
independent of ξ . Consider the inflation-restriction sequence
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−→ H1(K∞,W)(ξ)Γ −→ H2
(
Γ,Wξ (K∞)
)
.
The H1(Γ,Wξ (K∞)) term is finite, bounded by pnd , so the same is true of the kernel of
Sel(K,Wξ ) −→ Sel(D∞,W)(ξ)Γ .
The cokernel H2(K∞/K,Wξ (K∞)) has exponent bounded by pn. Thus, for any element c ∈
Sel(K∞,W)(ξ)Γ , pnc is the image of some d ∈ H1(K,Wξ ). As Sel(K∞,W) is a cofinitely-
generated Λ-module, the size of (Sel(K∞,W)(ξ)Γ )[p] is bounded independently of ξ , i.e., the
p-rank of Sel(K∞,W)(ξ)Γ is bounded. This implies that the p-rank of the cokernel of
Sel(K,Wξ ) −→ Sel(K∞,W)(ξ)Γ
is bounded, so it remains to bound the exponent of this cokernel, which amounts to showing that
some bounded multiple of d lies in Sel(K,Wξ ).
Fix, for every prime v of K , a prime v′ of K∞ lying over v. If we write
resv : H1(Kv,Wξ ) −→ H1(K∞,v′ ,W)(ξ),
then by construction resv locv d ∈ H1f (K∞,v′ ,W)(ξ). Thus, it suffices to bound the index of
H1f (Kv,Wξ ) in res
−1
v (H1f (K∞,v′ ,W)(ξ)) uniformly in ξ and v. We first consider primes v  p.
Note that, for these primes, we may assume that Gal(K∞,v′/Kv) ∼= Zp , as otherwise this group
is trivial. We also note that for v  p, we have H1f (K∞,v′ ,W)(ξ) = 0 (this is [12, Lemma B.3.3]),
so we need to bound
ker resv = H1
(
K∞,v′/Kv,Wξ (K∞,v′)
)
independently of v and ξ .
If v is an unramified prime for W , then Lemma 3.6 shows that ker resv = 0. If v  p is ram-
ified for Wξ , then the size of ker resv is independent of the choice of v′ | v, and thus bounded
independently of v, as there are only finitely many primes at which W is ramified.
Finally, we turn our attention to the primes v | p. To deal with these primes, we replace the
local conditions H1f (L,Wξ ) for an extension L/Kv with auxiliary local conditions H
1
f′(L,Wξ )
defined as follows:
H1f′(L,Wξ ) = ker
(
H1(L,Wξ ) −→ H1
(
L,Fil−v Wξ
))
.
Note that H1f (L,Wξ ) ⊆ H1f′(L,Wξ ). To justify our use of the slightly relaxed local conditions H1f′ ,
we observe that the quotient H1f′(L,Wξ )/H
1
f (L,Wξ ) is finite; indeed, this quotient injects into
H1(L,Wξ )/H1(L,Wξ )div.
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0 H1f′(Kv,Wξ ) H
1(Kv,Wξ )
resv
H1(Kv,Fil−v Wξ )
res−v
0 H1f′(K∞,v′ ,Wξ )
Γv H1(K∞,v′ ,Wξ )Γv H1(K∞,v′ ,Fil−v Wξ )Γv
Chasing this diagram, we see that it suffices to bound the exponent of ker res−v . By the inflation-
restriction sequence,
ker res−v ∼= H1
(
K∞,v′/Kv,
(
Fil−v Wξ
)
(K∞,v′)
)
,
which is finite by assumption, of order bounded independently of the choice of v′ | v, whence
independently of v. 
3.8. Proposition. For any continuous character ξ :Γ →O×, theO-module Xξ(K)tors is square.
Proof. First assume (2.4.1). Because p is prime to 2, we have
Sel
(
k, IndkK Wξ−1
)∼= Sel(K, IndkK Wξ−1)τ=1
= (Sel(K,Wξ−1)⊕ Sel(K,(Wξ−1)τ ))τ=1 ∼= Sel(K,Wξ−1).
The last isomorphism holds because τ acts on Sel(K,Wξ−1) ⊕ Sel(K, (Wξ−1)τ ) by exchanging
the summands. By (2.4.1), each IndkK Tξ−1 admits a non-degenerate, Gk-equivariant, skew-
symmetric pairing. Theorems 1 and 2 of Flach [3] or Theorem 2 of Guo [5] thus implies the
existence of a skew-symmetric Cassels pairing on Sel(k, IndkK Wξ−1), so Sel(k, Ind
k
K Wξ−1)cotors,
whence also Xξ(K)tors, is a square O-module.
If we replace (2.4.1) by (2.4.4), [3] or [5] still gives a Cassels pairing
〈,〉ξ : Sel(K,Wξ−1)× Sel
(
K,(Wξ−1)
∗)−→ Ω/O. (3.8.1)
Note (Wξ−1)τ = (Wτ )ξ ∼= Wξ , so (2.4.4) gives an isomorphism (Wξ−1)∗ ∼−→ (Wξ−1)τ . There is
moreover an isomorphism
Sel
(
K,(Wξ−1)
τ
) ∼−→ Sel(K,Wξ−1)
induced by τ . Using these identifications, we may thus view (3.8.1) as a self-pairing
〈,〉ξ : Sel(K,Wξ−1)× Sel(K,Wξ−1) −→ Ω/O
whose kernel on either side is the maximal divisible submodule. We claim that this self-pairing
is moreover skew-symmetric, from which the proposition follows.
To check the claim, one follows the proof in [3, pp. 120–122], of skew-symmetry for self-dual
representations. In order to check that the diagram analogous to (20) on p. 121 of [3] commutes,
one uses the fact that the action of τ ∈ Gal(K/k) on H1(K,Ω/O(1)) ∼= Ω/O is the identity. 
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that we have fixed i0 ∈ {1, . . . ,m} and a point x0 ∈ md . Let S = (md − A) −⋃mi=0 V (fi); this
set is dense in md by Lemma 3.5. The formula
lengthOM/IxM = v
(
fi0(x)
) n(i0)∑
j=1
e(i0, j)+ c(x)
holds for all x ∈ S, where c(x) is a positive constant bounded above independently of x, provided
that x is sufficiently close to x0. In fact,
c(x) =
m∑
i=1
(
v
(
fi(x)
) n(i)∑
j=1
e(i, j)
)
− v(fi0(x)) n(i0)∑
j=1
e(i0, j).
More precisely, for x as above, we have
M/IxM ∼=
n(i0)⊕
j=1
O/(πv(fi0 (x))e(i0,j))⊕M ′x,
where M ′x is a torsion O-module of length c(x). Note that, in general, if an O-module X has
lengthOX = Z, then |X| = qZ . (Recall we have defined q = |O/(π)|.)
3.10. Lemma. For a fixed nonnegative integer Z, there exists a positive integer α(Z) with the
following property. Suppose A, B , and C are finitely generated O-modules and that the O-
torsion submodule of A is square. Suppose moreover that there are O-module homomorphisms
φ :C → A and ψ :C → B such that
|kerφ|, | cokerφ|, |kerψ |, | cokerψ | < qZ. (3.10.1)
Write
B =Or ⊕ (O/(πe1))a1 ⊕ · · · ⊕ (O/(πe))a
with e1 > e2 > · · · > e. Set e0 = 0 and e+1 = ∞. If for some j we have ej−1 − α(Z) > ej >
ej+1 + α(Z), then aj is even.
Proof. The proof is tedious, though elementary, and is left to the reader. 
3.11. We can now complete the proof of Theorem 2.9. Let S ⊆ md be as in 3.9. For x ∈ S
sufficiently close to x0, Theorem 3.7 implies that there is a constant Z (not depending on x) such
that the kernel and cokernel of the (Pontryagin dual of the) restriction map
Xξx (K∞)Γ −→ Xξx (K)
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= i0, j  1). By
enlarging Z if necessary, we may assume that the cardinalities of the kernel and cokernel of the
maps
Xξx (K∞)Γ −→ (R ⊕M ⊕N)(ξx)Γ (3.11.1)
induced by our chosen pseudo-isomorphism are likewise bounded above by qZ for every x ∈ S
sufficiently close to x0 (this uses the fact that x0 /∈ V (f ′0)). Define the integer μ by the formula
qμ = ∣∣N(ξx)Γ ∣∣
for any x ∈ S.
Choose x ∈ S such that
v
(
fi0(x)
)
> c(x)+μ+ α(Z),
where c(x) is defined as in 3.9; any x ∈ S sufficiently close to x0 works, as c(x) is bounded for
such x. Then in particular
v
(
fi0(x)
)(
e(i0, j)+ 1
)− α(Z) > v(fi0(x))e(i0, j) > v(fi0(x))(e(i0, j)− 1)+ α(Z)
for all j = 1, . . . , n(i0).
Our assumption that x /∈ V (f ′′0 ) implies that R(ξx)Γ is O-torsion-free, so the O-torsion in
(R ⊕M ⊕N)(ξx)Γ is the same as the O-torsion in (M ⊕N)(ξx)Γ . Let ξ = ξx for the x we have
chosen. In Lemma 3.10, take A = Xξ(K), B = (R ⊕M ⊕N)(ξ)Γ , and C = Xξ(K∞)Γ , and the
maps φ and ψ to be the restriction map and the map (3.11.1), respectively. With these choices,
(3.10.1) is satisfied. The conclusion of Lemma 3.10 thus shows that the set{
j
∣∣ e(i0, j) = k}
has even cardinality for any k.
4. Examples
4.1. The examples we consider below will all be of class (2.5.1); in fact, all of our examples will
be sums of characters arising from the study of modular forms or abelian varieties with complex
multiplication. We begin this section with a proposition regarding the assumptions (2.4.1)–(2.4.3)
in the case of characters.
We discuss Galois representations associated to algebraic Hecke characters in 4.3–4.5. Appli-
cations to finding “large Selmer rank” require that we relate Selmer groups over K∞ to Selmer
groups over finite extensions of K ; the relevant “control theorem” is Theorem 4.7. In 4.8–4.12
we apply this discussion to the case of (suitable twists of) CM modular forms of even weight;
here the field K is a quadratic imaginary extension of Q, and ρ is the p-adic representation as-
sociated to an algebraic Hecke character of K with infinity type (w/2,1 −w/2), where w is the
weight of the corresponding modular form. Although we restrict our attention to classical (el-
liptic) modular forms, many of the corresponding statements (e.g., Theorem 4.11 and the lower
bound of Corollary 4.12) for CM Hilbert modular forms are no more difficult to prove.
2648 T. Arnold / Journal of Number Theory 128 (2008) 2634–2654In 4.13–4.17, we consider abelian varieties A with (potential) complex multiplication which
are defined over certain fields k not containing the reflex field. Under some additional assump-
tions (including the finiteness of ш(A/L)[p∞] for number fields L ⊆ K∞), we prove that if
A(K) has odd rank as a module over the CM order, then the rank of A(L) is unbounded as L
varies over subextensions of K∞.
4.2. Proposition. If all irreducible submodules of ρ satisfy (2.4.1) and (2.4.2) and are of class
(2.5.1) or (2.5.2), then ρ satisfies (2.4.3). In particular, if ρ is a sum of characters satisfying
(2.4.1) and (2.4.2) and ε(τ˜ ) = −1, then ρ is of class (2.5.1) and satisfies (2.4.3).
Proof. Note that V (K∞) is a GK -submodule of V . Let V ′ ⊆ V (K∞) be an irreducible submod-
ule of V . By assumption, V ′ is of class (2.5.1) or (2.5.2), so in particular (V ′)∗ ∼= (V ′)τ . Irre-
ducibility and the assumption that V ′(K∞) = V ′ imply that (V ′)∨ ∼= (V ′)τ . Thus, V ′ ∼= V ′(1),
so V ′ = 0.
For the second statement, we may assume without loss of generality that ρ :GK → O× is
itself a character. That ρ satisfies (2.4.1) implies that ρ∗ ∼= ρτ , and the perfect pairing corre-
sponding to this isomorphism is automatically symmetric, so ρ is of class (2.5.1) and therefore
satisfies (2.4.3) by the first statement. 
4.3. Let K be a number field and consider an algebraic Hecke character ψ of K (by which we
mean a character of type A0 in the sense of Weil). Let Θ = Hom(K,C). Recall that ψ is said
to have infinity type (or simply type) ∑θ∈Θ a(θ)θ ∈ ZΘ if ψ(z) =∏ θ(z)a(θ) for z ∈ K . If ψ
has type
∑
a(θ)θ , then ψ−1 has type
∑−a(θ)θ . The norm character N (i.e., the inverse of the
adélic norm) has type ∑ θ , i.e., a(θ) = 1 for all θ .
Let p be a rational prime and fix an isomorphism j : C → Cp; associated to ψ there is a unique
continuous Galois character ψp :GK → Q×p satisfying the following: ψp(Frobv) = j (ψ(v)) for
every prime v of F not dividing p or the conductor of ψ . Note that Np = ε.
4.4. Suppose K/k is a quadratic extension such that 1 
= τ ∈ Gal(K/k) lifts to τ˜ ∈ Gk satisfying
ε(τ˜ ) = −1. For example, K could be a CM field with totally real subfield k and complex con-
jugation τ˜ with respect to some embedding K ↪→ C. Consider an algebraic Hecke character ψ
of K and a rational prime p. Suppose ψ = ψ ◦ τ , ψp(τ˜ 2) = 1, and the type of ψ satisfies
a
(
θτ
)= 1 − a(θ) (4.4.1)
for each archimedean place θ . We call such a Hecke character anticyclotomic (with respect to
K/k). Thus K is totally complex, as a(θ) = 12 for any real place θ . For such ψ , we have ψ∗p =
ψτp ; this follows from the fact that, under our hypothesis on the type of ψ , ψψ = N. Thus
Theorem 2.9 and Proposition 4.2 imply the following.
4.5. Theorem. For an anticyclotomic Hecke character ψ , set W = (Ω/O)ψp . If ψp is ordinary at
all primes of K lying over p, then the ΛO-torsion submodule of Sel(K∞,W)∨ is pseudo-square
modulo O-torsion.
4.6. Lemma. Let V = Ωψp for an anticyclotomic Hecke character ψ . For any prime v′ of K∞
not dividing p, we have V (K∞,v′) = 0.
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acter φ = ψm is unramified at v. Let ω ∈ K be a generator of a suitable power vn ⊆OK of v. If
the infinity type of ψ is
∑
a(θ)θ , then we have
j−1
(
φp
(
Frobnv
))= φ(ω) =∏ θ(ω)ma(θ) 
= 1
by the product formula and our assumption that ψ is anticyclotomic. It follows that
V (K∞,v′) = 0, as K∞,v′/Kv is either trivial or the unique unramified Zp-extension. 
4.7. Theorem. Let V = Ωψp and W = (Ω/O)ψp for ψ an anticyclotomic Hecke character. For
each prime v of K lying over p, assume that ψp is ordinary at v and that one of the following
holds:
• there is a subextension Kv-spl ⊆ K∞ such that the primes of Kv-spl lying over v are finitely
decomposed in K(ρ)K∞,
• the Hodge–Tate weight of ψp|GKv is non-positive, or• (Fil−v W)[π](Kv) = 0.
For any finite extension L/K contained in K∞, the restriction homomorphism
Sel(L,W) −→ Sel(K∞,W)Gal(K∞/L)
has finite kernel and cokernel.
We have not combined this theorem with Theorem 3.7 in order to simplify notation, though
the proof is essentially the same. In the case L = K , this theorem provides some conditions
under which one can conclude that 0 /∈ Av′ for v′ | p a prime of K∞ (as Lemma 4.6 shows, it
is automatic that 0 /∈ Av′ for v′  p). In the case that K/Q is a quadratic imaginary extension,
the hypotheses are automatically satisfied, as p is finitely decomposed in the maximal Zp-power
extension of K .
Proof. The proof of Theorem 3.7 applies in this case as well provided that we can show that
with the assumptions here
H1
(
K∞,v′/Lv′ ,W(K∞,v′)
)
is finite for primes v′ of K∞ not lying over p and
H1
(
K∞,v′/Lv′ ,
(
Fil−v W
)
(K∞,v′)
)
is finite for primes v′ lying over p. In either case, we let v be the prime of K under v′ and let∑
a(θ)θ be the infinity type of ψ . For v  p, Lemma 4.6 states that V (K∞,v′) = 0, so a fortiori
H1(K∞,v′/Lv′ ,W(K∞,v′)) is finite.
Now let v | p. Assume first the existence of Kv-spl ⊆ K∞. If we assume by way of contradic-
tion that V (K∞,v′) = V , then K(ψp)K∞ is a finite extension of K∞. Therefore, ψ∨p and ψτp
differ by a finite character, which is impossible in view of the fact that ψ∗p ∼= ψτp . Second,
if the Hodge–Tate weight of ψp|G is non-positive, then Fil− W = 0, so there is nothing toKv v
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implies that the extension K∞,v′(Fil−v W)/K∞,v′ is non-trivial. Thus, (Fil−v V )(K∞,v′) = 0 and
H1(K∞,v′/Lv′ , (Fil−v W)(K∞,v′)) is finite. 
4.8. We can use Theorem 4.5 to describe anticyclotomic Selmer groups of modular forms f with
CM for which the sign in the functional equation of L(f, s) makes sense. Fix a quadratic imag-
inary field K and a complex embedding σ :K ↪→ C. Composing with the chosen isomorphism
j : C → Cp determines a choice of prime p of K lying over p. Let ψ be an algebraic Hecke
character of K with infinity type (w − 1,0) ∈ Zσ ⊕ Zσ τ , where w  2 is even. Let p > 3 be a
rational prime which does not divide the conductor of ψ and which splits in K .
Denote by T a free rank-1 O-module on which GK is made to act via the character
ψpε
1−w/2 = (ψN1−w/2)p , where O is a p-adic ring containing the values of ψp; because
ψN1−w/2 has type (w/2,1−w/2), these representations are of the type considered in 4.3–4.5 un-
der the additional assumption that ψ = ψ ◦ τ . Set V = T ⊗OΩ and W = T ⊗O (Ω/O). (The W
we have defined here corresponds to W ∗ in [1].) Note that because ψ has infinity type (w−1,0),
we have ψψ = Nw−1.
4.9. To every algebraic Hecke character ψ of K with infinity type (w − 1,0), one can associate
a new eigenform f = fψ of weight w and with level Nf and Nebentypus character χf deter-
mined by ψ ; such modular forms are said to have complex multiplication (see p. 34 of [11] for
more details). The arithmetic of f is essentially determined by ψ . For example, the complex
L-function of f is identified with that of ψ : L(f, s) = L(ψ, s). The condition that ψ = ψ ◦ τ is
exactly the condition for the sign in the functional equation of L(f, s) to make sense. By work of
Deligne [2], there is a continuous 2-dimensional p-adic GQ-representation ρf associated to f
satisfying
traceρf (Frob) = a(f ), detρf (Frob) = w−1χf ()
for any rational prime   pNf . Our assumption that p splits in K and does not divide the con-
ductor of ψ implies that p is a good ordinary prime for f . We denote by Vf a 2-dimensional
Ω-vector space which has GQ-action via ρf ⊗ ε1−w/2. For an appropriate choice of lattice
Tf ⊆ Vf , we have
Tf ∼= IndQK T
as O[GQ]-modules. Note, therefore, that as O[GQp ]-modules,
Vf ∼= V ⊕ V τ , (4.9.1)
since p splits in K .
We also define a Selmer group associated to the modular form f . For any rational prime ,
we define local conditions
H1f (Q,Vf ) =
{
H1(Qp,V ) if  = p,
1Hur(Q,Vf ) otherwise,
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be the image of H1f (Q,Vf ) under the natural map H1(Q,Vf ) → H1(Q,Wf ) induced by the
quotient Vf → Wf = Vf /Tf . Finally, we set
Sel(Q,Wf ) = ker
(
H1(Q,Wf ) −→
⊕

H1(Q,Wf )/H1f (Q,Wf )
)
.
4.10. Let K∞ be the anticyclotomic Zp-extension of K , i.e., K∞ is the unique Zp-extension
of K which is Galois over Q with dihedral Galois group, and let γ be a topological generator of
Gal(K∞/K). Assume O is the ring of integers in an extension Ω of Qp which has the property
that some polynomial generator of the characteristic ideal of X(K∞)tors splits into linear factors
in Ω . By [1, Thm. 3.9], X(K∞) admits a pseudo-isomorphism
h :X(K∞) ∼−→ ΛαO ⊕
⊕
ζ∈m
n(ζ )⊕
j=1
Λ/
(
(γ − 1)− ζ )e(ζ,j)
︸ ︷︷ ︸
M
⊕ (O-torsion), (4.10.1)
where α = 0 or 1 depending on whether the sign of f is +1 or −1, respectively. In this equation,
the n(ζ ) and e(ζ, j) are nonnegative integers and there are only finitely many non-zero sum-
mands in the codomain of h. (Again, we are using the convention that n(ζ ) = 0 if ζ does not
appear in the codomain.) Theorem 4.5 immediately gives the following.
4.11. Theorem. M is a square ΛO-module.
4.12. Corollary. If rkO Sel(Q,Wf )∨ is odd, then rkO Sel(L,Wf )∨ = 2[L : K] + |O(1)|
as L varies over finite extensions of K contained in K∞. If rkO Sel(Q,Wf )∨ is even, then
rkO Sel(L,Wf )∨ is bounded as L varies over finite extensions of K contained in K∞.
This corollary is also consequence of the Parity Conjecture for modular forms, which has
been proved even without the CM hypothesis by Nekovárˇ [9]. In the weight 2 case, we have
Wf = E[p∞] and W = E[p∞], where E is the (CM) elliptic curve associated with f and p is
the prime of K over p determined by j . Under the additional assumption thatш(E/L)[p∞] is
finite for K ⊆ LK∞, the corollary implies that the rank of E is bounded in the tower K∞/K
if and only if the rank of E over Q is even.
Proof. Combining Theorem 4.7, (4.10.1), and Theorem 4.11 gives the result (the point being
that rkO Sel(L,Wf )∨ is large if and only if α = 1). 
4.13. We now discuss our results in the context of CM abelian varieties. Let F be a CM field of
degree 2g over Q with totally real subfield F+. Suppose that (AC, i) is an abelian variety over C
of dimension g with CM by F , where i :F ↪→ End0(A). For simplicity, we assume below that
End(A) ∩ i(F ) = i(OF ), though our conclusions remain valid without this assumption. Denote
by F ∗ ⊆ C the reflex field for the CM type Φ of F determined by i. Suppose that AC descends to
an abelian variety A defined over a finite extension k of Q in C such that K = F ∗k is a quadratic
extension of k; thus, i(F ) ⊆ End0K(A) and K is the unique smallest extension of k for which this
holds. As usual, let 1 
= τ ∈ Gal(K/k), and assume that τ lifts to an involution τ˜ ∈ Gk such that
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stable under the action of τ on End0K(A) and that i(F )τ=1 = i(F+), i.e., τ corresponds via i to
the complex conjugation of F ; this holds if and only if τ |F ∗ is the complex conjugation of the
reflex field F ∗.
4.14. Let ρ :GabK → A×F,f be the continuous homomorphism giving the action of GK on the
total Tate module Tf(A) = lim←−n A[n](k). Let NΦ : A×F ∗ → A×F be the reflex norm and set η =
(NΦ ◦ NmK/F ∗)−1 : A×K → A×F . The Main Theorem of CM [14, Thm. 5.15] states that there is a
unique continuous homomorphism α : A×K → F× such that for ψ = αη, the diagram
A×K
ψ
rec
A×F
pr
GabK ρ A
×
F,f
commutes. One checks that ψ |K× = 1.
For a prime w of F lying over a given rational prime p, define ψw to be the composition
ψw : A×K
ψ−→ A×F
pr−→ (F ⊗ Qp)× ∼=
∏
v|p
Fv
prw−−→ F×w .
The image of ψw is contained inO×F,w , as it factors through the representation ρp :GabK → (OF ⊗
Zp)× giving the Galois action on the p-adic Tate module of A. If σ ∈ Hom(F,C), then we can
define an algebraic Hecke character ψσ by the composition
ψσ : A×K
ψ−→ A×F
pr−→ (F ⊗ R)× σ⊗1−−−→ C×.
One can check that if we write the infinity type of ψσ as
∑
a(θ)θ , then a(θ) = 1 if θ |F ∗ ∈ Φ∗σ
and a(θ) = 0 otherwise, where Φ∗σ is the CM type of F ∗ which is the reflex of Φ with respect
to σ . In particular, the type of ψσ satisfies (4.4.1).
4.15. Let Σp be the set of primes of F lying over p and choose an isomorphism j : C → Cp .
This determines a set map W :Φ → Σp , the image of which we denote by Φp . Then Φp is a set
of representatives for the quotient of Σp by the action of τ . With this notation, for any w ∈ Φp ,
we have ψw = (ψσ )p where σ ∈ Φ is any element satisfying W(σ) = w.
Suppose p > 2 and A has ordinary reduction at all primes lying over p. Then every prime
of F+ lying over p splits in F . Thus, the choice of isomorphism j and the CM type Φ determine
a decomposition
OF ⊗ Zp ∼=
∏
w∈Φp
OF,w ×
∏
w∈Φp
OF,wτ =OF,p ×OF,pτ .
Here p = ∏Φp , so pOF = ppτ ; also, we have OF,p ∼= OF,pτ ∼= OF+,p as OF+,p-modules.
This in turn gives a decomposition A[p∞] = A[p∞] ⊕ A[(pτ )∞] and so a decomposition ρp =
ρp ⊕ ρτ , where ρp is the representation giving the action of GK on A[p∞].p
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ρp =
⊕
w∈Φp
ψw =
⊕
σ∈Φ/W
(ψσ )p.
Any F -linear polarization of AK induces, via the associated Weil pairing, an isomorphism
(ψσ )
∗
p = (ψσ )τp for each σ viewed as representations on OF,W(σ). With this set-up, therefore,
Theorem 4.5 can be used to obtain the following.
4.16. Theorem. For a CM abelian variety A satisfying the notations and assumptions in 4.13–
4.15, the ΛOF+,p -torsion submodule of Sel(K∞,A[p∞])∨ is a pseudo-square ΛOF+,p -module
modulo Zp-torsion.
We are abusing our notation slightly. In the statement of the theorem, the notation “ΛOF+,p”
can be taken to mean “ΛOF+,w for all w ∈ Φp” (replacing “A[p∞]” with “A[w∞] for all w ∈
Φp”).
4.17. Corollary. With assumptions and notation as in Theorem 4.16, suppose thatш(A/L)[p∞]
is finite for all L finite over K and contained in K∞ and that, for every pair (v,w) where v is a
prime of K lying over p and w ∈ Φp , one of the following is satisfied:
• there is a subextension Kv-spl ⊆ K∞ such that the primes of Kv-spl lying over v are finitely
decomposed in K(A[w∞])K∞,
• ψw is unramified at v, or
• A[w](Kv) = 0.
If rkA(k) ≡ g (mod 2g), then rkA(L)  2g[L : K] as L varies over finite extensions of K
contained in K∞. If rkA(k) = 0, then rkA(L) is bounded as L varies over finite extensions of K
contained in K∞.
The itemized hypotheses in this theorem allow the application of Theorem 3.7. Mazur and
Rubin have developed a method for proving statements similar to Corollary 4.17 for elliptic
curves which is independent of Iwasawa-theoretic considerations (cf. [8, Thm. B]); their method
can be easily adapted to treat the case of abelian varieties with complex multiplication. By anal-
ogy with Corollary 4.12, it seems natural to conjecture that rkA(L) is bounded if and only if
rkA(k) ≡ 0 (mod 2g) and that rkA(L) = 2g[L : K] + |O(1)| otherwise. A statement of this sort
would follow from a suitable “anticyclotomic main conjecture” for CM abelian varieties.
Proof. The proof is essentially the same as that of Corollary 4.12. (Note that a reflexive ΛO-
module R has rkO RΓ = 0 if and only if R = 0.) 
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